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a b s t r a c t

In this paper, a digital image correlation (DIC) method coupling cross-correlation with spatio-temporal

differential techniques was proposed for assessing discontinuous displacement fields. The accuracy and

robustness of the algorithm was assessed on a set of numerical tests by processing computer generated

speckled-pattern images. Fracture mechanical tests in mode I were considered, in which both in-plane

and out-of-plane rigid-body movements were taken into account. The ability for recovering the

analytical asymptotic displacement field in mode I was analysed, and stress intensity factor, crack

opening displacement and crack tip location were used as quantitative parameters for validation

purposes. Throughout these tests, the results obtained with the proposed method were systematically

compared to the ones from Aramis DIC-2D commercial code. Globally, the results computed from both

methods are in good agreement with reference values. However, due to the high spatial resolution

(point-wise characteristic), a better matching of the displacements in the neighbour of discontinuities

could be obtained by the proposed method.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In the last decades full-field optical techniques of displace-
ment or strain measurement have become widespread tools in
experimental solid mechanics [1]. In contrast with conventional
strain gauges or extensometers, these techniques are contact-free
and provide full-field measurements over a spectrum of different
length scales. Based on the nature of the physical phenomenon
involved, these techniques can be classified into interferometric
(e.g., speckle and moiré interferometry or shearography) and
white-light (e.g., digital image correlation and grid or moiré
methods). Interferometric techniques are based on the interfer-
ence of light waves and have typically high sensitivity and
resolution. However, they rely on specific and expensive equip-
ment such as lasers (monochromatic and coherent light source)
and anti-vibration tables. On the other hand, white-light techni-
ques are based on the spatial variation of light intensity reflected
over a textured pattern, which can be either random (image
correlation techniques) or periodic (phase-measuring techni-
ques). This pattern can exist naturally on the material surface of
interest or can be created by some suitable procedure (i.e., by

painting or bonding). This class of techniques has the advantage
of requiring simpler experimental set-ups than interferometry
counterparts, and therefore they can be more easily coupled with
conventional apparatus such as universal mechanical testing
machines.

Among these techniques, DIC has been receiving much atten-
tion because of its relatively simple principle and flexibility in
terms of its adjustable resolution [2,3]. In order to overcome the
discrete feature of digital images, improvements have been
achieved, since early stages of the method, in sub-pixel algorithms
to enhance the measurements sensitivity and accuracy [4–6]. The
quantification of measuring errors by DIC methods have been also
addressed from both numerical [7] and experimental [8,9] points
of view. However, despite the improvement of pixel resolution of
digital cameras (hardware), an inherent limitation of the classical
DIC method is the subset-based calculation, which pixel size
parameter is most often chosen in a compromise between accu-
racy (improved with large sub-windows) and interpolation
(improved by small sub-windows) errors. In this context, several
studies have addressed the optimisation of the subset size with
regard to spectral properties of the textured pattern characterising
the material surface under investigation [10–14]. Besides, the
classical DIC method is most suitable for measuring continuous
displacement fields. Therefore, when in presence of discontinuous
displacement fields – such as in fracture mechanical studies – the
measurements provided by DIC in the neighbourhood of the
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discontinuity region may be inaccurate. Thus, more recently, novel
approaches have been developed to enhance the spatial resolution
of the method, in order to be able to deal with discontinuous
kinematic fields [15–19]. Jin and Bruck [15] coupled the DIC
method with the optimisation using genetic algorithm in order
to evaluate displacements at each pixel within a subset, with sub-
pixel accuracy. Both numerical tests on computer-generated
sinusoidal images and experimental tests were performed to
validate the proposed method. This piecewise approach allows
for fine spatial resolution but it is time consuming and, moreover,
can be sensitive to the initial guess and domain of design variables
setting on the genetic algorithm code. Another approach has been
proposed by Réthoré et al. [16,17], the so-called extended digital
image correlation (X-DIC). In this method, the domain of the image
is discretised by finite elements. The nodal displacements are then
determined by globally correlate reference and mapped deformed
images. Using suitable element shape functions, this method can
be applied to crack identification in problems of fracture
mechanics. In order to improve this calculation method, Chen
et al. [18] have proposed a two-step X-DIC algorithm allowing
error minimisation in computing discontinuous full-field displace-
ments with large rigid-body translation component. The reliability
of the method was verified experimentally through a set of
rigid-body and mechanical tests. Poissant and Barthelat [19] have
proposed a new algorithm to deal with discontinuous displace-
ment fields. In this method, a given subset is allowed to split into
two new correlation regions in the presence of a discontinuity. The
robustness of the method was verified on a set of numerical and
experimental mode I and mode II fracture mechanical tests. In
practice, however, one limitation of this approach can be the size
of the split subsets, which pixel dimension should be defined with
regard to the speckled pattern to ensure accuracy and isotropy in
the subset matching process [2].

The authors [18] have proposed a method to measure the
displacements fields on the surface of planar objects with sub-pixel
resolution, by combining image correlation with a differential
technique. In this method, a coarse approximation of the displace-
ments at pixel level is firstly obtained by cross-correlation, and then
a fine approximation to assess sub-pixel displacements is deter-
mined by means of an optical flow method based on a differential
technique. This approach was validated on a set of numerical tests,
which consisted in rigid-body translation and rotation tests, as well
as tensile and shear mechanical tests [18]. In the present work, the
goal was to extend the application of this point-wise digital image
correlation algorithm for measuring discontinuous displacement
fields. The accuracy and robustness of the method were assessed on
a set of numerical tests by processing synthetic speckled-pattern
images. In the framework of linear elastic fracture mechanics,
numerical tests under opening mode I, neglecting and including
in-plane and out-of-plane rigid-body movements, were analysed.
The results obtained from the proposed method were system-
atically compared to references as well as to data obtained with
GOMs Aramis v6.0.2 DIC2D commercial code.

2. The proposed digital image correlation method

The proposed digital image correlation method consists on a
two steps coarse-fine approach: pixel level (coarse) estimation
and sub-pixel level (fine) estimation of displacement fields. In the
first step, the normalised cross-correlation is recursively applied
over the sub-images obtained from the original images pair, using
a quad-tree splitting process. In the second step, an optical flow
method based on a differential technique is used. A flowchart
representation with an overview of the proposed method is
presented in Fig. 1.

2.1. Pixel level estimation

The pixel level displacement estimation is performed over a
pair of images obtained before (reference) and after surface
deformation (deformed). Using a quad-tree process each image
is divided into a set of sub-images and the normalised cross-
correlation [21,22] is applied to obtain the displacement of each
sub-image centre points.

The image splitting (see Fig. 2) is similar to a quad-tree
division process and is used to enable pixel level displacements
estimation between reference and deformed images, following a
global to local approach. Firstly, a global displacement between
full sized images is calculated using the correlation coefficient.
Secondly, both images (reference and deformed) are submitted to
the splitting process using a quad-tree technique, which consists
in dividing each image recursively into four sub-images and
repeating for each pair the normalised cross-correlation. This
procedure is repeated recursively until the pre-defined criteria
[20] are fulfilled. Finally, at the end of the splitting process, a
coarse map of pixel level displacements between reference and
deformed image is obtained.

2.2. Sub-pixel level estimation

After finding a pixel level displacement between the two images,
sub-pixel estimation is applied to obtain higher resolution. Each
reference sub-image (resulting from the quad-tree decomposition)
is shifted by their amount of pixel level displacement over the
correspondent deformed sub-image. Next, the displacement
estimation of each pixel belonging to the sub-image is computed
using a differential technique. The main stages of this processing
consist of the following: (1) prefiltering or smoothing with low-
pass/band-pass filters to extract signal structure of interest and
enhance signal-to-noise ratio; (2) extraction of basic measurements

Fig. 1. Overview flowchart representation of the proposed method.

Fig. 2. Quad-tree image splitting process.
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such as spatio-temporal derivatives (to measure the components of
velocity) and (3) integration of the previously extracted measure-
ments to produce a smooth 2D flow field. The method implements
a first-order derivative technique, more specifically, the local
differential technique from Lucas and Kanade [23]. This technique
implements a weighted least-squares (LS) fit of local first-order
constraints to a constant model v in each small spatial neighbour-
hood O of position w¼(x,y), by minimisingX

wAO
W2ðwÞ½rIðw,tÞvþ Itðw,tÞ�2 ð1Þ

A weighting function W(w) is used in order to give more influence
to constraints at the centre of the neighbourhood than at the
periphery. Depending on the speckle size, this function could be
adjusted in order to control the spatial resolution (i.e., the windows
size). Gaussian functions are usually used for this purpose; however,
other functions or weighting schemes can be used. rI(w,t) is the
spatial intensity gradient, v¼(vX,vY) represents the two components
image velocity and It(w,t) is the partial time derivative of image
intensity at position w in instant t. The displacement field resulting
from differential technique has sub-pixel resolution.

2.3. Full displacement estimation

The global displacement of each pixel is then obtained by adding
its coarse pixel level displacement (cross-correlation) with the
respective finer sub-pixel level displacement (differential technique).

3. Numerical test methods

Numerical tests were carried out on computer generated
speckled-pattern images in order to assess the accuracy and
efficiency of the proposed DIC method when dealing with discontin-
uous displacement fields. These discontinuous fields can occur, for
instance, in fracture mechanical tests. Linear elastic fracture
mechanics (LEFM) was assumed herein. According to this theory,
the nonlinear material events occurring near the crack tip are
supposed confined to a very small region, which is an order of
magnitude inferior to the crack size or other characteristic dimen-
sions of the body. Under this assumption, the state of stress in the
neighbourhood of the crack tip can be characterised by K, the stress
intensity factor (unit: Pa

ffiffiffiffiffi
m
p

). There are three elementary crack
propagation modes: (a) opening mode or mode I; (b) sliding mode
or mode II and (c) tearing mode or mode III. A schematic representa-
tion of fracture in mode I is shown in Fig. 3, where P is the applied
load, d is the relative displacement of its points of application and
a(P) represents the crack length during propagation. For the sake of
validation, numerical tests based on the analytical asymptotic
displacement field in mode I were investigated in this work. For
quantitative evaluation of the measured displacement fields, stress
intensity factor (KI), crack opening displacement and crack tip
location were further analysed. Effects of in-plane and out-of-plane
rigid-body movements (which can occur in experimental tests) were
also taken into account. In all the case studies, the results obtained
with the proposed method were compared and discussed with
regard to the ones provided by GOMs Aramis v6.0.2 DIC 2D
commercial software [24], when processing the same set of images.
Considering the typical speckled-pattern images (Section 3.1), the
size of the correlation window used in the proposed method was
19�19 pixels, whilst the subset on the Aramis was defined as
15�15 pixels (with a step size of 15�15 pixels).

3.1. Synthetic speckled-pattern images

The images to be processed by digital image correlation were
numerically generated on the computer. In order to obtain a pair

of images, corresponding to different configurations, before and
after a given applied deformation, an analytical function was
chosen for deforming a reference speckled-pattern image accord-
ing to the following expression:

Iðx,yÞ ¼
XNS

i ¼ 0

I0
i exp �

½x�xk�Uðx,yÞ�2�½y�yk�Vðx,yÞ�2

R2

( )
ð2Þ

(x,y) are the pixel coordinates on the image, I0
i A ½0,255� QUOTE

(image of 8 bits) represent a random background light intensity
value, R and NS define the size and number of the speckle marks
on the pattern, respectively, and Uðx,yÞ and Vðx,yÞ are the applied
displacement field components.

To start with, a black H(width)�V(height) image with a depth of
8 bits was initialised. A reference image (undeformed configura-
tion: U(x,y)¼V(x,y)¼0 in Eq. (2)) can be generated by iteratively
superimposing images characterised by a single Gaussian distribu-
tion spot with radius R. The total number of speckles (NS) as well as
their central location (xk,yk) within the spatial domain of the image
were randomly chosen, in order to obtain a stochastic speckled
pattern suitable for digital image correlation. A deformed image can
then be generated with regard to this reference image by applying
an inverse displacement field (Eq. (2)). Finally, a 5�5 Gaussian
filter was applied to the images, in order to obtain a smooth
speckled-pattern texture. A typical image generated from Eq. (2)
is shown in Fig. 4a (H¼V¼1000 pixels, NS¼6667, R¼5 pixels).

3.2. Mode I fracture mechanical test

3.2.1. Asymptotic displacement field

3.2.1.1. Neglecting rigid-body movements. The analytical mode I
asymptotic displacement field can be given by [25]

UIðr,yÞ ¼
KI

2E

ffiffiffiffiffiffi
r

2p

r
ð1þnÞ ð2k�1Þcos

y
2
�cos

3y
2

� �
ð3:1Þ

VIðr,yÞ ¼
KI

2E

ffiffiffiffiffiffi
r

2p

r
ð1þnÞ ð2kþ1Þsin

y
2
�sin

3y
2

� �
ð3:2Þ

where (r,y) are polar coordinates centred on the crack tip, KI is the
stress intensity factor in mode I, E and n are modulus of elasticity
and Poisson’s ratio, respectively, and k¼3�4n for plane strain.

Fig. 3. Elementary crack propagation in mode I.
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The displacement field in Eqs. (3) is shown in Fig. 4b,
considering a spatial domain of 1000�1000 pixels and a horizontal
crack length with the tip located at the centre of the image. In this
study, a polymer epoxy material with elastic properties of
E¼2.8 GPa and n¼0.47 was selected. Moreover, a stress intensity
factor of KI ¼ 300MPa

ffiffiffiffiffiffiffiffiffiffiffi
pixel

p
was chosen.

3.2.1.2. Including in-plane rigid-body movements. Normally, the
experimental displacement of a deformed object includes rigid-
body movements in the plane of the object; this can involve both

translation and rotation movements. The in-plane translation is
simply given by

Uin
T ðx,yÞ ¼U0 ð4:1Þ

Vin
T ðx,yÞ ¼ V0 ð4:2Þ

where U0 and V0 are constants quantifying the applied
displacement, respectively, along the X and Y directions across
the image. Fig. 4c illustrates a given translation displacement field
(Eqs. 4), in which U0¼0.8 pixel and V0¼1.2 pixel. The in-plane
rotation a, with regard to a given rotation point, generates

Fig. 4. (a) Computer generated speckled-pattern image (8 bit image); (b) opening mode I reference displacement field (material: polymer epoxy; E¼2.8 GPa, n¼0.47,

KI ¼ 300MPa
ffiffiffiffiffiffiffiffiffiffiffi
pixel

p
). (c) in-plane translation (U0¼0.8 pixel, V0¼1.2 pixel); (d) in-plane rotation—origin at the centre of the image (y¼�0.18 degrees); (e) out-of-plane

translation (DZ¼�0.8 mm); (f) out-of-plane rotation about the Y direction of the image of 2 degrees (corresponding to a maximum DZ of �0.8 mm).
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displacement fields according to the following relationship (small
rotation assumption):

Uin
R ðx,yÞ ¼ ay ð5:1Þ

Vin
R ðx,yÞ ¼ �a x ð5:2Þ

where (x,y) are the coordinates of the image. Fig. 4d shows the
in-plane rotation field (Eqs. 5) assuming a¼�0.18 degree and the
point of rotation at the centre of the image.

3.2.1.3. Including out-of-plane rigid-body movements. In a monocular
system, the measurement of in-plane displacements is coupled
with out-of-plane movements [8]. Assuming a pinhole camera
model for image formation, a given out-of-plane displacement DZ

generates in-plane apparent displacements according to

Uout
T ðx,yÞ ��

L

Z
X

DZ

Z

� �
¼ x

DZ

Z

� �
ð6:1Þ

Vout
T ðx,yÞ ��

L

Z
Y

DZ

Z

� �
¼ y

DZ

Z

� �
ð6:2Þ

where (X,Y) are the coordinates of an imaged ‘‘point’’ of the object,
(x,y) are its corresponding projection on the camera sensor, L is the
image distance and Z is the initial object distance. A hypothetical
example was considered here by selecting L¼60 mm, Z¼300 mm
(magnification factor MT¼�L/Z¼�0.2 and focal length f¼(1/Lþ
1/Z)�1

¼50 mm) and a field of view corresponding to a square
region of 20 mm. Moreover, a maximum out-of-plane displacement
of DZ¼�0.8 mm was assumed. The displacement field (Eqs. 6)
generated in this case study is shown in Fig. 4e.

An out-of-plane rotation y(DZ) can also occur experimentally
inducing a variation of the out-of-plane movement (DZ) across the
field of view. For a given clockwise, out-of-plane rotation about the Y

axis, and assuming a first-order approximation, the pinhole camera

model gives the following solution for the coupled in-plane displace-
ment fields:

Uout
R ðx,yÞ � �

L

Z
X cosy�1þ

X sinycosy
Z

� �
ð7:1Þ

Vout
R ðx,yÞ ��

L

Z
Y

X siny
Z

� �
ð7:2Þ

where DZðx,yÞ ¼ X siny. A representation of the displacement fields
in Eqs. (7) is shown in Fig. 4f assuming an out-of-plane rotation
about the Y direction of 2 degree (which corresponds to a maximum
out-of-plane movement of DZ¼�0.8 mm).

3.2.2. Crack opening displacement

The crack opening displacement (COD) is defined as the distance
separating cracked surfaces, measured at a certain distance behind
the crack tip, at a given stage. This quantity is usually measured
experimentally, together with the applied load generating fracture
in mode I and the relative displacement of its points of application.
The COD in mode I (CODI) can be evaluated from the displacement
field components provided by digital image correlation as

CODI ¼ :VB
j �VT

i : ð8Þ

where V�V(x,y) is the vertical component of the displacement
associated to a pair (i,j) of correlation windows selected on top (T in
Fig. 3) and bottom (B in Fig. 3) of the cracked surface.

3.2.3. Crack tip location

The crack tip location can be estimated from the displacement
fields provided by digital image correlation. A methodology based on
the norm of the relative position vector between neighbour points
has been proposed in Refs. [26–28]. The algorithm is applied to a
given set of four adjacent points (i, j, k and l) as illustrated in Fig. 3.

Fig. 5. Fracture displacement fields in mode I, neglecting rigid-body movements: (a) reference, calculated by (b) proposed (901�901 pixels) and (c) Aramis (65�65

subsets) DIC methods.
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In classical digital image correlation, these points can correspond to
the centroids of adjacent subsets through the horizontal and vertical
directions of the image. An auxiliary function is then defined as

Aðx,yÞ ¼maxð:ui�uk:; :uj�ul:Þ ð9Þ

where up is the displacement vector of point p (with p¼ i,j,k,l).
The norm function of the displacements in Eq. (9) represents the
relative variation of the distance between pair of points (see Fig. 3).
Function A(x,y) can be evaluated across the entire region of interest.
A criterion is then defined according to the following inequalities:

Mðx,yÞ ¼ 1 if Aðx,yÞZcA

Mðx,yÞ ¼ 0 if Aðx,yÞocA

Mðx,yÞ ¼�1 if Aðx,yÞ ¼Not a NumberðNaNÞ

8><
>: ð10Þ

where c is a constant value and A represents the average of A(x,y).
This thresholding process allows the definition of a mask M(x,y)

(Eq. (10)) labelling the measuring region according to the following
description:

� M(x,y)¼1 defines the region where a discontinuity is present
but the material is not completely damaged. This happens at
the crack tip;
� M(x,y)¼0 corresponds to the region where the material is

undamaged;
� M(x,y)¼�1 represents the region where the material is

completely cracked and typically no information is available
in the digital image correlation.

3.2.4. Stress intensity factor evaluation

According to LEFM, the stress intensity factor in mode I (KI) can
be determined directly from the displacement fields measured
around the crack tip, providing that the elastic properties of the

Fig. 6. (I) V(x,y) displacement along a line segment crossing the cracked surface at a distance d¼208 pixels behind the crack tip; (II) relative error on the evaluation of

CODI, in the cases of the following: (a) negleting, (b) including in-plane and (c) including out-of-plane rigid-body movements.
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material are known (Eqs. 3). Field data is provided by digital
image correlation, so an overdetermined system of equations is
obtained. In order to solve this system of equation for KI, a
least-squares approach can be used [29,30]. Let us consider the
UI(x,y) displacement field (Eq. 3.1)

UIðxi,yiÞ ¼

ffiffiffiffiffiffi
ri

2p

r
ð1þnÞ

2E
ð2k�1Þcos

yi

2
�cos

3yi

2

� �
KI ði¼ 1,. . .,NÞ

ð11:1Þ

or, in matrix form

½UI� ¼ ½CU �½X� ð11:2Þ

where [UI]N�1 is a vector assembling the UI displacements at each
measuring point (xi,yi), [CU]N�1 is a coefficient matrix depending
on the elastic properties of the material and point coordinates,
[X]1�1¼KI is the vector of unknown quantity and N is the total
number of independent measuring points in the field. In order to
solve Eqs. (11) the concept of pseudo-inverse matrix is used:

½X� ¼ ð½CU �
T ½CU �Þ

�1
½CU �

T ½UI� ð12Þ

The same approach can be applied to the VI(x,y) components of
the displacement field (Eq. (3.2)). Finally, the following over-
determined system of equations can be used for evaluating KI:

½X� ¼
CU

CV

" #T

1�2N

CU

CV

" #
2N�1

0
@

1
A
�1

CU

CV

" #T

1�2N

UI

VI

" #
2N�1

ð13Þ

Thus, the parameter KI is evaluated by approximating in the
least-squares sense the calculated displacements to the theore-
tical ones given by Eqs. (3).

The least-squares approach described above is particularly
suitable when determining stress intensity factor from displace-
ment fields incorporating rigid-body movements (Eqs. (4–7)),
which are always presented in experimental tests. In this case,
the total displacement is defined by adding the displacements
associated to each different contribution (superposition principle).
As an example, assuming pure mode I fracture (UI, from Eq. 3.1) and
both in-plane translation (Uin

T , from Eq. 4.1) and rotation (Uin
R , from

Eq. (5.1)), the measured displacement fields are given by

Uðx,yÞ ¼UIþUin
T þUin

R ¼ ½CU �½X� ð14:1Þ

with

CU½ � ¼

ffiffiffiffiffi
ri

2p

q
ð1þnÞ

2E ð2k�1Þcos yi
2 �cos 3yi

2

h i
1yi

h i
½X�T ¼ KI U0 a

� �
ð14:2Þ

A similar equation can be obtained for the VI(x,y) displacement.
Thus, the overdetermined system of equations so obtained can be
solved in the least-squares sense in order to determine the stress
intensity factor by eliminating any possible rigid-body movement.
This approach can also be applied to out-of-plane movements
by taking into account the corresponding displacement fields
(see Appendix A).

4. Results and discussion

4.1. Mode I fracture mechanical test neglecting rigid-body

movements

A pair of synthetic image simulating a pure fracture mechan-
ical test in mode I was created by considering the reference
displacement field (Eqs. 3) shown in Fig. 5a. By processing this
pair of images, displacements were calculated by both proposed
and Aramis DIC methods as shown in Figs. 5b and c, respectively.
Generically, both methods qualitatively retrieved the reference
displacements (with residual maps, obtained by subtracting the

reference and calculated displacement fields, with amplitude less
than 0.2%), although with a different spatial resolution (Fig. 5).
Nevertheless, some perturbations were obtained around the crack
extension. It is worth noticing that some perturbations in the
vicinity of the opened cracked region may also be attributed to
the generation of the deformed images itself (blur effects)
(Eq. (2)), whose area in this case is mainly defined by the
parameter KI (by increasing the value of KI, a larger opened
cracked area is obtained).

The profile of the reference and calculated V(x,y) displacement
component along a line segment crossing the crack surface at a
distance d¼208 pixels from the crack tip (located at the centre of
the image, see Fig. 4b) is shown in Fig. 6a-I. As it can be seen, both
methods accurately follow the reference displacement in the neigh-
bourhood of the crack discontinuity. However, since the proposed
method has a higher spatial resolution, more data points are
obtained for an accurate reconstruction of the displacement profile

Fig. 7. Crack tip location estimated from proposed and aramis DIC methods as a

function of the parameter c (Eq. (10)) in the cases of: (a) negleting, (b) including

in-plane and (c) including out-of-plane rigid-body movements.
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in the discontinuity. Fig. 6a-II shows the relative error on measuring
CODI (Eq. (8)) from both methods with regard to the reference one.
This error is typically less than 1%, but it is smaller for the proposed
method than Aramis.

Experimentally, the increment of crack length (a in Fig. 3)
during a crack propagation test is usually measured together with
the applied load and the displacement of its point of application.
Therefore, it is relevant to use digital image correlation for the
estimation of the crack tip location. The displacement fields
measured from both methods were processed in order to estimate
the crack tip location according to the approach described in
Section 3.2.4. The reference crack tip is located at the centre of the
image: H/2¼V/2¼500 pixels. The relative error obtained for both
methods with regard to the reference location is shown in Fig. 7a,
as a function of the parameter cA[3,6] (see Eqs. (10)). This
parameter works here as a threshold for classifying the spatial
domain of the field data for crack identification. As it can be
concluded a more accurate estimation is achieved by the pro-
posed method when compared with the Aramis one, with exact
crack location for c¼4.5.

A least-squares approach was applied in order to solve Eqs.
(3) for assessing stress intensity factor KI (Section 3.2.4). The
parameter KI is then evaluated by approximating the calculated
displacements to the theoretical ones given in Eqs. (3) in the

least-squares sense. The results obtained from this approach are
summarised in Table 1. In order to study the sensitivity of KI

with regard to the displacement field components, this value was
determined in the least-squares sense taken separately U(x,y) and
V(x,y) displacement fields and finally considering both together
(U(x,y),V(x,y)). For the proposed method, in all cases, KI could be
accurately calculated with differences less than 0.5%. This value
was also conveniently determined from the displacement fields
measured by the Aramis method, although with a slightly high
deviation, namely when only using the V(x,y)displacement field
(about 1%).

4.2. Mode I fracture mechanical test including in-plane rigid-body

movements

In practice, in-plane translation and rotation rigid-body dis-
placements can be measured together with the deformation of a
given object. In applications where deformation fields are to be
reconstructed from raw displacement fields provided by digital
image correlation, rigid-body movements may not represent an
issue since differentiation methods are usually employed.
However, when processing directly the displacement fields,
rigid-body movements must be taken into account. In order to
quantify the influence of in-plane rigid-body movements on
processing fracture displacement fields in mode I, a case study
is proposed by coupling fracture displacement fields (Eqs. 3) with
both translation (Eq. 4) and rotation (Eq. 5) movements.

The resulting displacement fields obtained by superposition of
fracture (Fig. 4b) and rigid-body movements (Fig. 4c and d) are
shown in Fig. 8. Both proposed and Aramis DIC methods qualita-
tively follow the reference displacement maps. As in the previous
Section 4.1, these displacement fields were further processed in
order to calculate CODI (Fig. 6b-I). Also in this case, the relative
error is less than 1% obtained from both methods with regard to
the reference one (Fig. 6b-II).

Fig. 8. Fracture displacement fields in mode I, including in-plane translation and rotation rigid-body movements (Fig. 1): (a) reference, (b) proposed (901�901 pixels) and

(c) Aramis (65�65 subsets) DIC methods.

Table 1
Evaluation of mode I stress intensity factor, KI, from displacement fields based on

least-squares regression—negleting rigid-body movements.

KI ðMPa
ffiffiffiffiffiffiffiffiffiffiffi
pixel

p
Þ

Reference Proposed Aramis

U: 300 300.90 (0.30%) 300.87 (0.29%)

V: 300 298.87 (�0.38%) 296.90 (�1.03%)

U,V: 300 299.17 (�0.28%) 297.68 (�0.77%)
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In order to estimate the crack tip location the same previous
setup of parameters was used. The relative error obtained for both
the methods with regard to the reference location is shown in
Fig. 7b. The proposed method retrieves a better approximation to
the expected value when compared to Aramis, with correct crack
tip location for c¼6.5.

The results obtained from the calculated displacements using a
least-squares approach for assessing stress intensity factor KI

parameter, in-plane rigid-body translation (U0, V0) and rotation
(yU, yV), are summarised in Table 2. This evaluation was per-
formed taking separately U(x,y) and V(x,y), as well as considering
both together (U(x,y),V(x,y)). For the proposed method, in all
cases, KI could be accurately calculated with differences less than
0.28%. This value was also determined from the displacement
fields measured by the Aramis method, with low differences
(less than �0.56%), but still higher than the proposed method.
The in-plane rigid-body parameters were also retrieved accurately
by both methods with errors in general less than 1%.

4.3. Mode I fracture mechanical test including out-of-plane

rigid-body movements

The experimental test conditions can also originate parasitic
out-of-plane rigid-body displacements of the specimen, which are

a major source of errors in digital image correlation [7]. In order
to quantify the influence of these parasitic displacements, a case
study was carried out by coupling fracture displacement fields
(Eqs. 3) with both out-of-plane translation (Eqs. 6) and rotation
(Eqs. 7) movements.

The resulting displacement fields obtained by superposition of
fracture (Fig. 4b) and rigid-body movements (Fig. 4e and f) are
shown in Fig. 9. As it can be seen, both proposed and Aramis DIC
methods qualitatively follow the reference displacement patterns.

As in the previous Sections 4.1 and 4.2, these displacement
fields were further processed in order to calculate the CODI

(Fig. 6c-I). The relative error obtained from both methods with
regard to the reference was less than 1% (Fig. 6c-II).

The same method (Section 3.2.3) was used in order to estimate
the crack tip location. The relative error obtained for both the
methods with regard to the reference location is shown in Fig. 7c.
Comparing both the methods, the proposed one is able to obtain
the expected crack tip location with about zero error when the
adequate parameter is chosen (c¼9.5). In the case of Aramis, the
crack tip location is less accurate than the one obtained from
the proposed method, even though an aproximation can be esti-
mated by selecting a suitable threshold parameter.

The results of the least-squares approach for assessing stress
intensity factor KI parameter, out-of-plane rigid-body translation

Fig. 9. Fracture displacement fields in mode I, including out-of-plane translation and rotation rigid-body movements (Fig. 1): (a) reference, (b) proposed (901�901 pixels)

and (c) Aramis (65�65 subsets) DIC methods.

Table 2
Evaluation of mode I stress intensity factor, KI, from displacement fields based on least-squares regression—including in-plane rigid-body movements.

KI ðMPa
ffiffiffiffiffiffiffiffiffiffiffi
pixel

p
Þ U0 (pixel) V0 (pixel) yU (deg.) yV (deg.)

Reference 300.00 0.80 1.20 0.18 0.18

U: Proposed 299.98 (�0.01%) 0.8072 (0.90%) – 0.1812 (0.64%) –

Aramis 300.73 (0.24%) 0.8023 (0.29%) – 0.1808 (0.46%) –

V: Proposed 299.16 (�0.28%) – 1.1932 (�0.56%) – 0.1790 (�0.53%)

Aramis 298.33 (�0.56%) – 1.1917 (�0.69%) – 0.1797 (�0.16%)

U,V: Proposed 299.19 (�0.27%) 0.8089 (1.11%) 1.1932 (�0.56%) 0.1812 (0.64%) 0.1790 (�0.53%)

Aramis 298.43 (�0.52%) 0.8076 (0.95%) 1.1917 (�0.69%) 0.1808 (0.45%) 0.1797 (�0.16%)
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(DZ) and rotation (y(DZ)) from the calculated displacements are
summarised in Table 3. This evaluation was also performed taking
separately U(x,y) and V(x,y) displacement fields and also consid-
ering both together (U(x,y),V(x,y)). For the proposed method, KI

could be accurately calculated in all cases with differences less
than 0.36%. When determining KI from the displacement fields
measured by the Aramis method, differences below �0.64% were
obtained with regard to reference, which although small are still
higher than the proposed method. The out-of-plane rigid-body
parameters were also retrieved accurately but showing some
sensitivity to rotations in the overall analysis, with errors slightly
higher for the out-of-plain rotation parameter (�2.37%).

5. Conclusions

DIC method has received much attention in the last few
decades because of its relatively simple principle, setup and
flexibility of application. However, despite the progressive
increase in pixel resolution of digital cameras, a major drawback
of this technique is the subset-based feature, which imposes a
compromise between accuracy and interpolation errors when
defining the correlation window size. More recently, develop-
ments have been focused on novel approaches to enhance the
spatial resolution of the method, in order to be able to deal with
discontinuous kinematic fields.

In this work a point wise digital image correlation method
combining cross-correlation and spatio-temporal differential
techniques was proposed for assessing discontinuous displace-
ment fields. The accuracy and robustness of the method were
assessed on a set of numerical tests, simulating a fracture
mechanical test in mode I, by processing synthetic speckled-
pattern images. Effects of in-plane and out-of-plane rigid-body
movements were also considered in this study, since they can
occur when processing experimental data. In the analyses, the
results obtained from the proposed method were systematically
compared to references as well as to data obtained with GOMs

Aramis v6.0.2 DIC2D commercial code. Globally, the results
computed from both the methods are in good agreement with
the reference values. However, due to the high spatial resolution,
a better matching of the displacements in the neighbour of
discontinuities could be obtained by the proposed method. These
conclusions are supported by comparing both the methods with
the generated reference discontinuous displacement fields, but
also when assessing specific parameters namely, the crack
opening displacement, the crack tip location and the stress intensity
factor. This numerical validation of the proposed DIC method in the
presence of discontinuous displacement fields is encouraging and
will enable its application and validation, in a future work, on
experimental tests. Time consuming issues might be also address
with some algorithm optimizations.
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Appendix A

The stress intensity factor (K) is a parameter characterising the
fracture behaviour of solids in applications where linear elastic
fracture mechanics (LEFM) holds. An analytical asymptotic dis-
placement field can be defined as a function of K, elastic proper-
ties of the material (E,n) and polar coordinates (r,y) across the
region of interest. In mode I, the displacement fields around the
crack tip can be described as

UIðr,yÞ ¼
KI

2E

ffiffiffiffiffiffi
r

2p

r
ð1þnÞ ð2k�1Þcos

y
2
�cos

3y
2

� �
ðA:1Þ

VIðr,yÞ ¼
KI

2E

ffiffiffiffiffiffi
r

2p

r
ð1þnÞ ð2kþ1Þsin

y
2
�sin

3y
2

� �
ðA:2Þ

Since field data is provided by digital image correlation, an
overdetermined system of equations is obtained, which can be
properly solved using least-squares regression.

In experimental tests the specimen can undergo not only
deformation but also rigid-body displacements. Therefore, the
total displacement field can be assumed as a superposition of
several contributions. Let us consider fracture in mode I and out-
of-plane movements, consisting of out-of-plane translation (DZ)
coupled with out-of-plane clockwise rotation (y) about the Y axis
of the image (see Section 3.2.1.3). In this case study, the measured
U(x,y) component of the displacement field is given by

Uðx,yÞ ¼ x
Z x x X

Z AI

h i DZ

a
b
KI

2
66664

3
77775 ðA:2Þ

where (X,Y) are the coordinates of an imaged ‘‘point’’ of the object,
(x,y) are its projection point on the camera sensor (pinhole
camera model), a¼ cosy�1, b¼ sinycosy and AI ¼

1
2E

ffiffiffiffiffi
r

2p
p
ð1þnÞ

ð2k�1Þcos y
2�cos 3y

2

� �
. At the same time, the measured V(x,y)

component of the displacement field can be written as

Vðx,yÞ ¼
y
Z y X

Z BI

h i DZ

g
KI

2
64

3
75 ðA:3Þ

with g¼ siny and BI ¼
1

2E

ffiffiffiffiffi
r

2p
p
ð1þnÞ ð2kþ1Þsin y

2�sin 3y
2

� �
. The

concept of pseudo-inverse can then be used for solving Eqs. (A.2–3)
for KI in least-square sense, thus taking into account out-of-plane
rigid-body movements.
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Mistou S, Molimard J, Orteu J-J, Robert L, Surrel Y, Vacher P, Wattrisse B.
Assessment of digital image correlation measurement errors: methodology
and results. Experimental Mechanics 2009;49(3):353–70.

[8] Haddadi H, Belhabib S. Use of rigid-body motion for the investigation and
estimation of the measurement errors related to digital image correlation
technique. Optics and Lasers in Engineering 2008;46(2):185–96.

[9] Sutton MA, Yan JH, Tiwari V, Schreier HW, Orteu JJ. The effect of out-of-plane
motion on 2D and 3D digital image correlation measurements. Optics and
Lasers in Engineering 2008;46(10):746–57.

[10] Lecompte D, Smits A, Bossuyt S, Sol H, Vantomme J, Van Hemelrijck D,
Habraken AM. Quality assessment of speckle patterns for digital image
correlation. Optics and Lasers in Engineering 2006;44(11):1132–45.

[11] Yaofeng S, Pang JHL. Study of optimal subset size in digital image correlation
of speckle pattern images. Optics and Lasers in Engineering 2007;45(9):
967–74.

[12] Pan B, Xie H, Wang Z, Qian K, Wang Z. Study on subset size selection in digital
image correlation for speckle patterns. Optics Express 2008;16(10):7037–48.

[13] Triconnet K, Derrien K, Hild F, Baptiste D. Parameter choice for optimized
digital image correlation. Optics and Lasers in Engineering 2009;47(6):
728–37.

[14] Pan B, Lu Z, Xie H. Mean intensity gradient: an effective global parameter for
quality assessment of the speckle patterns used in digital image correlation.
Optics and Lasers in Engineering 2010;48(4):469–77.

[15] Jin H, Bruck H. Theoretical development for pointwise digital image correla-
tion. Optical Engineering 2005;44(067003). 1-067003.14.
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